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1. INTRODUCTION

After the introduction of Bi-complex number by the eminent mathematician C. Segre [15]
in 1892, several research works have been done and a lot of improvement has been
incorporated by the interested researchers during the last few decades. Some of the
renowned mathematicians ([5], [6], [7], [8], [18]) made successful investigations on the
properties of relative growth properties of entire functions. Growth properties of entire
functions related to order, lower order, type, lower type, etc. are widely discussed in the

study of advanced complex analysis since last few years. Several results have been
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established and extended related to sum and product theorems on growth properties of
entire functions also. In this paper we wish to investigate some basic properties of relative
order, relative lower order, relative type, relative lower type and relative weak type of bi-
complex entire functions under some different conditions (with respect to sum and product
of bi-complex entire functions). We do not need to explain the standard definitions and
notations of the theory of bi-complex entire functions as those are available in [13].

2. DEFINITIONS AND NOTATIONS

We use some useful definitions and notations as mentioned below in the field of bi-

complex entire functions.

Definition.2.1 [15] Bi-complex number

A bi-complex number is defined asT ={z, +i,z,/z,,z, € C(i,)}, where the imaginary
units i,,i, follow the rulesi? =i2 = —1,i,i, =i,i, = j, say and j*=1 etc.

Another representation is: T ={w, + w,i, + w,i, +w, j/w, € R,i =0,1,2,3}

Definition.2.2. Idempotent representation of a bi-complex number

Every bi-complex number (z, +1,2,) has the following idempotent representation:

. . . 1+iqi 1-iqi
7, +i,2, = (2, —i,2,)e, + (z, +i,2,)e, , where e, = 21 2 e, = 21 2

Definition.2.3. Bi-complex Entire functions

Let U be anopensetof T and w, eU. Then f:U cT - T issaidtobe entirein U if

f'(wy) T forall wy € U, where IimM

W—>Wq W—W,

= f'(w,).

Definition.2.4. Idempotent representation of a bi-complex entire function

Let X1, X, be open sets in C(i1)) and T <C(i,) . Then a bi-complex function
f(z,+1,2,) = 1, (z, —1,z,)e, + f, (2, +i,2,)e, for all z, +i,z, € X, %, X,, is said to be
entire if and only if f, :X; >C(i,) and f, :X, —>C(i,) are entire functions and
f'(z, +1,2,) = o (2, —1,2,)e, + £, (2, +1,2,)e,.

Definition.2.5[13]. Pole of a bi-complex function.
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Let f: X > T be a bi-complex meromorphic function on the open set X —T. We can
say that w=(z, —i,z,)e, +(z, +i,z,)e, € X is a pole for the bi-complex meromorphic

function f(w)=f(z, +i,z,)=f, (z, —1,2,)e, + f, (z, +,2,)e,
if z,-i,z,ePR(X) and  z,+iz, eP,(X) are poles for f, :R(X)—>C(,) and
fe, 1 P,(X) —C(i,) respectively.

Proposition.2.1

Let f: X > T be abi-complex meromorphic function onthe openset X < T. If w, € X

then wo is a pole of f, ifand only if lim|f (w)| = 0.

Definition . 2.6 Order of a bi-complex function.

The order p (F) of a bi-complex entire function

Fw)=F, (2, -1,2,)8 +(z, +1,7,)e, isdefinedas  p(F)=Max{p. .p: }

for i=1,2.

] loglogM,(r;,F,)
where p. =limsup '
" [ logr,

Remark .2.1
The lower order AM(F) of a bi-complex entire function is defined as
loglogM; (r;, F, )

A(F) = Min{A(F, ), A(F,, )} where A = liminf i for i=1,2.
2 & I;—o0 Ogri
Definition. 2.7. The type of F
The type o(F) of a Dbi-complex entire function is defined as
log M; (rj, Fg; )

o(F) = Ma{o(F, ),o(F, )} where o(Fg)=lim sup

and 0<pg <o for
f—0 r;FFei '

i=1,2.

Definition. 2.8. The lower type of F

The lower type &(F) of a Dbi-complex function is defined as

logM; (r;, F, )

o(F)=Mi{o(F,),5(F, )} where &(F, ) = liminf and 0< pg <o

rl—o

for i=1,2.
Definition. 2.9. The weak type of F
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The weak type <t(F) of a bi-complex entire function is defined as
logM; (r;, F,)

r. AFei

7(F)=Min{z(F,),z(F, )} where (F, ) = liminf and 0<A; <o

rl—ow

for i=1,2.

Definition. 2.10 Maximum Modulus Function

Let F(w) be an bi-complex entire function defined in the open space C,. The function
Mgp(r) on |w| = r, known as the maximum modulus function corresponding to F(w) is
defined as follows: Mp(r) = maxp|w| = r|F(w)|.

For any two given entire functions F(w) and G(w), the ratio ZF—E:; asr — oo is called the
G

growth of F with respect to G in terms of their maximum moduli.

Definition. 2.11. Relative order of G(w) w.r.t. F(w)

According to the definition of relative order of an entire function G with respect to an
entire function F introduced by the renowned mathematician L. Bernal [2], the relative

order of G(w) is defined as follows:

pr, (Gei) = inf{u >0: Mg, (r) < Mg, (r*)for allt > ry(u) > 0} =

log Mz (Mg, (r) ;

lim,_,, sup i =1,2.

log r

Therefore, pr(G) = Max{py, (G.):i = 1,2}.

It is quite definite that the above definition coincides with the classical one if f(w) =
Exp(w).

Definition. 2.12. Relative lower order of f(z)

Similarly, the relative lower order of G with respect to F, denoted by A:(G), can be

defined as follows:

log Mz (Mg .

A:(G) = Min{AFei (Gyp):i = 1,2} , where g, (G;) = lim,_,, inf W
Definition. 2.13. Regular relative growth

An entire function G is said to be of regular relative growth with respect to F if its relative
order with respect to F coincides with its relative lower order with respect to F.

Definition. 2.14. [6] Property (A) of an entire function
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A non-constant entire function F is said to have the Property (A) if for any ¢ > 1 and for
all large values of r, [Mp(1)]?> < Mg(r°) holds. For further illustration and examples with
or without the Property (A), one may see [3].

To compare the relative growth of two entire functions having same non-zero finite

relative order with respect to another entire function, Roy [14] recently introduced the
notion of relative type of two entire functions from which one can obtain the following
definitions:

Definition. 2.15. Relative Type

Let F and G be two bi-complex entire functions such that 0 < p;(F) < . Then the

relative type o (F) of F with respect to G is defined as follows:
0¢(F) = Max{o;,(F,):i = 1,2},

where o, (Fe;)
= inf{k > 0: Mp(r)
< M; (krpG(F))for all suf ficiently large value of r}

T Mz (Mg ()

= lim,,, sup =45 75—

Definition. 2.16. Relative Lower Type

Let F and G be two bi-complex entire functions such that 0 < p;(F) < . Then the

relative lower type o (F) of F with respect to G is defined as follows:

-1
rPGEL- (Fei)

¢ (F) = Min{og,, (F,;):i = 1,2}, where o (F,;) = lim,_,, inf
Analogously, to determine the relative growth of two entire functions having same non-
zero finite relative lower order with respect to another entire function, Datta, Biswas & Sen
[3] introduced ‘relative weak type’ of an entire function f with respect to another entire
function g of finite positive relative lower order A, (f). According to that, one can define
the relative weak type of a bi-complex entire function in the following way:
Definition. 2.17. Relative Weak Type
Let F and G be two bi-complex entire functions such that 0 < A;(F) < o. Then the

relative weak type t;(F) of F with respect to G is defined as follows:
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. . : MGl ME, ()
(F) = Mln{Tcei (F,):i = 1,2}, where 76,; (Fe;) = lim,_,, inf —
r beit €l
If we choose, G(W) = Expifw), we may easily verify that the above definitions coincide

with the classical definitions of type, lower type and weak type respectively.

3. LEMMAS

Analytical determination of order and type of entire functions are very much significant in
the study of the basic growth properties in the value distribution theory. During the past
few decades, many of the researchers have made close investigations on this subject area to
yield many good results, for example, some of which may be recalled here.
Lemma. 3.1
If f(z) be an entire function and a and (8 be such thata > 1 and 0 < f < «, then for all
large value of r,
Mg (ar) > BM; (1)

Lemma. 3.2
Let f(z) and g(z) be any two entire functions of order p; and p, respectively. Then

() prrg = pg when pr < pgand (ii) pr, < p; when ps < p, respectively.
Lemma. 3.3
Let f(z) and g(z) be any two entire functions of order p; and p, respectively. Then

(D) preg < maxifps, py} and (ii) pr, < maxifps,p,} respectively.
Lemma.3.4
Let f(z) and g(z) be any two entire functions of type or and g, respectively. Then
(i) 0f4g <04 when or <o, , (i) ory <o0r+ 0, and (iii) o7, < maxifos,o,}
respectively.
Lemma. 3.5
Let f(z) and g(z) be any two entire functions of type o and g, respectively. Then

(i) 0fy < maxifor, 0.} and (ii) pr, < of + 0, respectively.

Lemma. 3.6
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If fi(w), gi(w) and g.(w) be any three bi-complex entire functions and if pfl(gi) =
max{ P, (gy) fork,i = 1,2}, then Pr, (g1 £ gp) < Pr, (g;),fori = 1,2; where the equality

holds when P, (g1) # P, (g2).

Lemma. 3.7

If fi(w), gi(w) and go(w) be any three bi-complex entire functions and if P, (gi) =
max{ P, (gy) fork,i = 1,2}, then P, (g1.82) < P, (g;),fori=1,2; where the equality

holds when p; (g1) # p; (82).

Lemma. 3.8

If fi(w), gi1(w) and gz(w) be any three bi-complex entire functions such that at least one of
gp and g, is of regular relative growth with respect to f; and
A, (81) = max{ A, (gi) fork,i = 1,2}, then g (g1 £82) < Ag (gi), fori=1,2; where
the equality holds when X¢, (g1) # A, (g2).

Lemma. 3.9

If fi(w), gi(w) and g»(w) be any three bi-complex entire functions such that f; has the
Property(A) and at least one of g; and g, is of regular relative growth with respect to f; and
A, (81) = max{ A (gi) fork,i = 1,2}, then A (g1.82) < Mg, (g;),fori=1,2; where the
equality holds when ¢, (g1) # A, (82).

Lemma. 3.10

If fi(w), gi(w) and gx(w) be any three bi-complex entire functions such that (i) P, (g) =
max{p; (gi) fork,i = 1,2} and (ii) p; (g1) # p; (g2) hold, ~ then or, (81 £ g2) =
of, (gi), fori=1,2.

Lemma. 3.11

If f1(w), g2(w) and go(w) be any three bi-complex entire functions such that (i) p; (g;) =
max{p; (k) fork,i = 1,2} and (ii) p; (81) # py, (82) holds,

then oy, (g1.82) = o, (g), fori=1,2.
Lemma. 3.12
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If f1(w), g1(w) and go(w) be any three bi-complex entire functions such that (i) A, (g;) =
max{ A¢, (gy) fork,i = 1,2} and (ii) Ay, (g1) # A, (g2) holds, then 1 (g £ 82) =
T, (g;), fori = 1,2.

Lemma. 3.13

If f1(w), g1(w) and go(w) be any three bi-complex entire functions such that (i) A, (g;) =

max{ A, (gx) fork,i = 1,2} and (ii) kfl (g1) # A, (g2) holds,
then T, (81-82) = T, (gi), fori= 1,2,
4. THEOREMS

In this section we produce the main results of this paper.

Theorem 4.1.

If fi(w), gi(w) and g(w) be any three bi-complex entire functions and if ps, (g;) =
max{ pg, (gi) for k,i =12}, then pg (g1 £ 92) < pf,(9:), fori=12; where the
equality holds when pg, (g1) # pg, (g2).

Proof.

From the definition of relative order and relative lower order of entire functions, we have

for all sufficiently large values of r that
My, () < My, (rlor0+)
1)
and Mg, (r) = Mg, (r(lfk(g")_g))
1
i.e. Mg, (r) < My, <T'(/1fk(gk)_5)>

)

And also, for a sequence of values of r, tending to infinity, we get that

Mgk (r) = Mfk (r(pfk(gk)—s))

S S
i.e. Mfk(r) < M, (T(pfk(gk)—£)>

©)
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and My, (r) < My, (r(’lfk(g")ﬂ)) ,
(4)
where € (> 0) isany arbitrary positive no.and i = 1, 2.
Case I. If pg, (g1 £ g2) = 0,then pr (g1 £ g2) < py,(g:), for i = 1,2 is obvious.
So, let us suppose that pf, (g1 = g) > 0. We can clearly assume that py, (g;) fori = 1,2
are finite. Also suppose that pr.(g1) < py,(g1),wherek =i =12 with f; # f and g
is of regular relative growth w.r.t. at least one of fiorf,.
Now, in view of (1), (4) and Lemma 1, we obtain for a sequence of values of r tending to
infinity that
M

Jg1tg2 (r) < Mgl(r) + Mgz ()

2
le. My ,q,(r)< ZMfl(r(pfk(gk)+s))
k=1

e, My, (r) < 2M (r(oro0+)

ie. My i,(r)< Mf1(2r(pfk(g")+e)
i.e. long:1 My, 4q,(r) < (pfk (g1) + €)log v+ 0(1)

long;1 Mgy, +q,() 0(1)

L.e. logr < (Pfk (ge) + &) + Togr

logM: ' M (r)
i.e. lim sup 970 “aite

<
fim logr < (pr.(gi) +¢)
Since, ¢ is arbitrary, it follows from the above that

long:l M91i92 (r)
logr

p (G192 = li_r)?osup < pr,(gi) fork =1,2.

Now using the notion of the idempotent representation of bi-complex entire function, i.e.
fw) = f,,.e; + fe,. €2, we can prove the above inequality separately for two different
idempotent parts of the function f; in the same way, which proves the statement of the
theorem.

Hence the proof.
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Corollary 4.1.
If fi(w), gu(w) and go(w) be any three bi-complex entire functions, then ps, (g1 £ g2) <

max{ pg, (g;), for i = 1,2} ; where the equality holds when pg, (g1) # pf, (g2).

Theorem 4.2.

If fi(w), gi(w) and go(w) be any three bi-complex entire functions and if ps, (g;) =
max{ pg, (gi) for k,i =12}, then pg(g1.92) < pg,(gi), fori=12; where the
equality holds when pg, (g1) # pg, (g2).

Proof.

Case I. If pg,(g1.92) = 0,then pr, (91-92) < pf,(9:), fori = 1,2 is obvious.

So, let us suppose that pr, (g1.g2) > 0. We can clearly assume that py, (g;) fori = 1,2
are finite. Also suppose that pr.(g1) < py, (g1),wherek =i = 1,2 with f; # f; and g
is of regular relative growth w.r.t. at least one of fyorf;.

Now, in view of (1), (4) and Lemma 1, we obtain for a sequence of values of r tending to

infinity and for any & > 1, we obtain that

%logMgl_gz(r/Z) < logM,, (r) + logM,, (1)

2
1
i.e. §l0gMgllg2 (r/2) < z logM, (r(pfk(gk)‘h?))
k=1

1
i.e. glogMg (r/2) < 2[0ng1(r(Pfk(gk)+€)

1-92

i.e. logMy, 4,(r/2) < 6long1(r(Pfk(9k)+€)

1-92

i.e. M (r/2) < Mfl[(r(pfk(gk)+s)]6

91-92

i.e. My, g,

i.e. logM' My, .. (r/2) < 6(py, (gi) +€)logr

logM; " My, 4,(r/2) - 8(ps,(gr) + €)logr
logo(- logr + 0(1)
Og(z)

(r/2) < My r0lPrco0t)

i.e.

Since, € > 0 is arbitrary, we get from the above by letting § — 1 +, that
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logMg* My, 4, (1)
logr

P (91-92) = li_r)?osup < Pf (gx) fork =1,2.

Now using the notion of the idempotent representation of bi-complex entire function, i.e.
fw) = f,.e1 + fe,. ez, We can prove the above inequality separately for two different
idempotent parts of the function f; in the same way, which proves the statement of the
theorem.

Hence the proof.

Corollary 4.2. If fi(w), g1(w) and g»(w) be any three bi-complex entire functions and if
pr, (9:) = max{ pf, (gi) for k,i = 1,2}, then pr (g1.92) < maxifps (g;), fori=1,2;
where the equality holds when pg, (g1) # pf, (g2).

Theorem 4.3.

If fi(w), g1(w) and g.(w) be any three bi-complex entire functions such that at least one of
gp and g, is of regular relative growth with respect to f; and
Ar, (9:) = max{ s, (gi) for k,i = 1,2}, then A, (g1 £ g;) < A, (g:), for i =1,2; where
the equality holds when 4¢, (g1) # 4, (g2).

Proof.
From the definition of relative order and relative lower order of entire functions, we have

for all sufficiently large values of r that

M, (1) < Mj, (T(Pfk(gk)+£)) 5)
nd Mg, (r) = Mg, (‘r‘(/lfk(gk)_g))
i.e. Mg (r) < My, <r(’1fk(9k)—€)>

(6)

And also, for a sequence of values of r, tending to infinity, we get that

M, (r) = M, (r(pfk(gk)_g))

1
i.e. Mg (r) < My, <r(f’fk(gk)—£)>

(7)
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and My, (r) < Mp, (r(’lfk(g")ﬂ)) :
(8)
where € (> 0) isany arbitrary positive no.and i = 1, 2.
Case I. If pg, (g1 £ g2) = 0,then pr (g1 £ g2) < py,(g:), for i = 1,2 is obvious.
So, let us suppose that pf, (g1 = g) > 0. We can clearly assume that py, (g;) fori = 1,2
are finite. Also suppose that pr.(g1) < py, (g1),wherek =i =12 with f; # f and g
is of regular relative growth w.r.t. at least one of fiorf,.

Now, in view of (5), (8) and Lemma 1, we obtain for a sequence of values of r tending to

infinity that
gl"'gz (T') < gl(r) + Mgz (T')
2
e Mgitg,(r) < EMﬁ(r(Afl(‘gi)H))
i=1

. , |
L-e. 91+gz(r) < ZM (r( fl(g )+£)

ie. My 4,,(r) < M (2r(1f1(91)+£)

i.e. logM' My 0, (1) < (44, (g:) +€)log 7+ 0(1)

lOng; M91+92 (7‘) ( )

ie. ogr < (4,9 +¢) + oo

, S long1 91"‘92( )
i.e. ll_l)’f)lo inf logr < ()Lfl(gl-) +¢)
Since, ¢ is arbitrary, it follows from the above that

lOgMﬁ 91+92( r)
logr

A, (g1 £ g2) = liminf < A, (gr) fork =1,2.
=0

Now using the notion of the idempotent representation of bi-complex entire function, i.e.
fw) = f.,.e1 + f.,. €5, we can prove the above inequality separately for two different
idempotent parts of the function f; in the same way, which proves the statement of the
theorem.

Hence the proof.

12 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




International Journal of Engineering, Science and Mathematics
Vol. 8 Issue 7, July 2019,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed &
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

Corollary 4.3.
If fi(w), gi(w) and go(w) be any three bi-complex entire functions, then s, (g1 £ g,) <

minifids, (g;), for i = 1,2} ; where the equality holds when A¢, (g1) # Af, (g2).

Theorem 4.4.

If fi(w), gi(w) and g(w) be any three bi-complex entire functions such that f, has the
Property(A) and at least one of g; and g, is of regular relative growth with respect to f;
and Az, (g;) = max{ 4 (g;) fork,i =12}, then A (g:1-92) < A, (g fori=12;
where the equality holds when 4z, (g1) # Af, (g2).

Proof.

Case I. If A, (g1.92) = 0,then A, (g1.92) < A, (g:), fori = 1,2 is obvious.

So, let us suppose that A¢, (g1. g2) > 0. We can clearly assume that A¢, (g;) fori = 1,2

are finite. Also suppose that A¢,(g1) < 4¢, (g1),wherek =i =12with f; # f, and g

is of regular relative growth w.r.t. at least one of fiorf, .

Now, in view of (1), (4) and Lemma 2, we obtain for a sequence of values of r tending to

infinity and for any & > 1, we obtain that

1
SlogMy, 4,(r/2) < logM,, (r) + logM,, (1)
1 2
[ !
i.e. zlogMg, o, (r/2) < kzl log;, (rin+e))

1
i.e. §logMgllgz(r/2) < 2[ong1(r(ﬂf1(gk)+S)

i.e. log (r/2) < 6long1(r(/1f1(gk)+g)

Mgl-gz

i.e. M (r/2) < Mfl[(r(lfl(gk)+s)]6

91.92

i.e. My g4,

i.e. long;1 Mgy, 4,(r/2) < S(Af\l(gk) +¢)logr

long:1 Mgy, 4,(r/2) < 6(/1f1 (gr) + s) logr
log (- logr + 0(1)
Og(z

(r/2) < Mflr‘?(’lfl(gk)“)

i.e.

Since, € > 0 is arbitrary, we get from the above by letting § - 1 +, that
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-1
lOngl My, g, (r)
logr

A (g1-92) = }1_{510 inf < A, (gy) fork =1,2.

Now using the notion of the idempotent representation of bi-complex entire function, i.e.
fw) = f,.e1 + fe,. ez, We can prove the above inequality separately for two different
idempotent parts of the function in the same way, which proves the statement of the
theorem.

Hence the proof.

Corollary 4.4. If fy(w), gi(w) and g2(w) be any three bi-complex entire functions such that
f; has the Property(A) and at least one of g; and g, is of regular relative growth with
respect to f; and A, (9:) = max{ s, (gi) for k,i = 1,2}, then
Af, (g1-92) < minifidg (g;), for i = 1,2}; where the equality holds when 4r(g1) #
Ay, (92)-

Theorem 4.5.
If f1(w), g1(w) and gz(w) be any three bi-complex entire functions such that (i) py, (g:) =
max{ pf, (g) for k,i = 1,2} and (ii) ps,(g1) # pf,(g2) holds,
then or, (91 £ g2) = 0, (g:), fori =12
Proof. From the definition of relative type and relative lower type of entire function, we
have for all sufficiently large values of r that

My, (1) < M, (07, (gi) + €) rPFc90]

(9)
and M, (r) = M [(GF, (gi) — €) rpfk(g")]

_r
i.e. Mfk('r) 2 Mgk [(;)pfk(gk)] ’

of,(gK)—€
(10)
and also for a sequence {r,,} of values of r tending to infinity, we get
M, (1) = My [of,(gi) — €) 7,19V
1

e < T Py 9k)
Le. My (r) < My, [(Gfk(gk)—f) (1)
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My, () < My, [@,(gi) + &) 7?7k 9] (12)
where € > 0 is any arbitrary small positive number and k=1, 2.
Let p; (g) < P, (g), wherek,i = 1,2 with g, # g; fork # i.
Now from (9) and (12) we get for a sequence {r,,} of values of r tending to infinity that
My, 1g,(1) < My, (1) + Mg, (r;,) which implies that
My, 44,(1) < Mg [(07,(g1) + €) 1,119 + M. [ (57, (g)) + €) 1;,P1199]

Mgy [(Eh (gi)+e) Tnpfl(gi)]

My [(“f1(9k)+e) rnpf1(9k)]

Therefore My, 1g, (1) < My, [(af1 (gr) + €)1, (gk)] 1+

Mgy [(Efl(gi)‘l'f) Tnpfl(gi)]

Mfl [(Ufl(gk)‘l'&') rnpfl(gk)

Since P, (g) < P, (gy), the term — 0 when n is sufficiently

large.
Therefore, in view of Lemma (1) and the above, we get for a sequence of values {r,} of r

tending to infinity that
Mg, +,(1) < Mg, [(07,(g1) + €) 1?1 99](1 + &)
i.e. Mg 14,(1) < Mg [a(afl (gr) +¢) rnpfl(gk)], where a > 1+ €.
Now, making @« — 1, we obtain for a sequence {r,} of values of r tending to infinity that

: 1 @
[.e. ﬂ/}l%ligg(r”) < (J/l(g/() +e)r, 1Yk

1
M}lﬂ/yliyz ()

r”ﬂfl(ﬂligz)

<0—/'1(.gk)+€

Since € > Oisarbitrary, we get o (g1 £ 92 < 0 ,,(g4). for £ =12

Further without loss of generality, let o »,(g1) < o ,,(g2) and g = g1 £ g>.

Then o, (g) < g5 (g2)and p ,(g1) < p s, (g). Therefore, o, (g2) < o ,,(g).
Hence o, (g) < oy,(g2) whic h implies or(g1292) = 0r,(g2).
Thus o, (91292 = o,(9,) for =12

Now using the notion of the idempotent representation of bi-complex entire function, i.e.
S(w)=/f,.e1+ [, e, wecan prove the above inequality separately for two

different idempotent parts of the function /; in the same way, which proves the statement

of the theorem.
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Hence the proof.

Theorem 4.6.
If fi(w), gi(w) and go(w) be any three bi-complex entire functions such that
@) pr@i)=max {pr(gs) for k0 =12} and (&) p,(g91) #
2 s, (g2) holds
then o, (g1.92) = o(g;). for ¢ =12
Proof. Let us take pfl(gk) < py, (g,) fori,k = 1,2withg, # g, .
Now for any arbitrary £ > 0, we have for all sufficiently large values of r that
My, 0o () S M, (7). M, ()
Therefore, My (7)< Me (0 (g0) + €/2) 777190ty [(o 5, (9.) +
0/2) 000100
Since p s (g4) < pr,(g;) for ¢,%# =12, we get forall sufficiently large values of r
that

(0, (g.)+€)r?1Y9Y) > (0, (g4)+€) rPnIe),
Therefore, /Ilfl(afl(g/) + €)r”f1(‘7") > Mp (or,(ge)+€) 7P rn,

Therefore, from the above arguments we get
\12
My g/ (7) < My [(05,(9:) + €/2)r7 7190 (13)

gr(gi)te
ar(g:)+€/2
log (o,(g.)+€)r?Y9D > g (o,(g9,)+€/2) rPrn¥)
log (o7 (g9:)+ €)rPro
“ log (o,(g;)+€/2) rPrn¥)

We have =d4 (say ) > 1lwhic h implies

=J(say )>1

ielog (07 (g:)+€)r?/ 0 =8 log (07(9:)+€/2) r"/i0)

(14)
Since /1 has the Property (A), in view of Lemma 2, we obtain from (13) for all
sufficiently large values of r that
1
%1-yz(r) < /I/fl[(a'fl(gf) + 5/2)7”0/1(.?1 )]
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i.e. %1yz(r)< /I/fl[(dflcyz')'i'f)r’ofl(‘y[)]

. MeT ()
e O (0,00 + €)]

. MM, ()
I.e.% <[(z,(g,)+¢€)]

(G192 < o5(g:) for ¢ =12 (19)
Further without loss of generality, let g = g1.g,and p 1. (g91) < o £,(g2) = o ,(9) .

Then o /,(9) < o /,(g2) whichimplies 7 ,,(g2) < o/, (9) as g2=.

Hence o, (g) = o/ (g,) whichimplies o, (g1.92) < 7/,(g2).

Thus o, (g1.92) = o,(9.) /or 7 =12

Now using the notion of the idempotent representation of bi-complex entire function, i.e.
Sw)y=/f,.e1+/f.,.e,, we can prove the above inequality separately for two
different idempotent parts of the function /; in the same way, which proves the statement
of the theorem.

Hence the proof.

Theorem 4.7.

If f(w), g1(w) and go(w) be any three bi-complex entire functions such that (i) Ml(gi) =
max{ X, (g,) fork,i = 1,2} and (ii) % (g,) # Ar,(g,) holds, then 1 (9, +09,) =
1, (g;), fori = 1,2.

Proof. From the definition of relative type and relative lower type of entire function, we

have for all sufficiently large values of r that

My () < My, (7, (g0) + €) r 7o)

(20)
and M, (7) 2 /Vf/f[(r/’k(‘gl’)_f)r/zf/((‘%)]
1
. A7)
.e. = S —
i.e. M (r)z M,, \(T//((‘”)_E) ,
(21)
and also for a sequence {r,,} of values of r tending to infinity, we get
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M, (r)= M, |7r,(g0) =€) 7, 7#90]
1
i 7 A, G
[.e. Me,(r)< M, [<W) £ ] (22)

My (7)< My [(7 5, (g0) + €) 7, 700, (23)
where £ > 0 is any arbitrary small positive number and k=1, 2.
Let 2, (9,) < A, (9;), wherek,i = 1,2with g, # g, fork = i.
Now from (20) and (21) we get for a sequence {7 ,,} of values of r tending to infinity that

My

1i.?2(r77) < %1(rﬂ) + %Z(rﬂ) which Implles that
%1i£2(rﬂ)

<My (@ g0+ ) 7 R+ My (2 i (g) + ) 7,710
Therefore

Mfl[(;fl(ﬂi )+€) rn/zfl(j[ )]
Mp | p @)+e) 7 1]

Myis (7 ) < Mp, (7, (70) + €) 71198 [1 +

- /’4’1[(?/1@1')+e)r,,1/1c9,->]
Since A, (9,) < Ag,(g;), the term Ml[(zflwk)+5)r”1/1@,()]

— 0 when n is sufficiently
large.

Therefore, in view of Lemma (1) and the above, and using the same technique as in
Theorem 5, we get for a sequence of values {7 ,} of r tending to infinity that

1
M;cl/l/yliyz(r 2

7 ”1/1@1172)

< Tflcgk)-i-g

Since € > Oisarbitrary, we get 7 » (91292 < 7 s, (g4). for £ =12

Further without loss of generality, let /Z »,(g1) < 4 ,(g2) and g = g1 £ g>.

Then 7,(g9)< 7,.(g2) and 7 ,(g1) < 7,(g) . Therefore, 7 5, (g2) <
7 5, (g).

Hence 7 ., (9) < 7 ,,(g2) whic himplies (g1t g2 = 7 5(g2)

Thus T/l('yl igz): Z'fl(‘gl')/bf' 7 21,2
Now using the notion of the idempotent representation of bi-complex entire function, i.e.

JS(w)=/f,.e1+ [, e, wecan prove the above inequality separately for two
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different idempotent parts of the function /'; in the same way, which proves the statement
of the theorem.
Hence the proof.

Theorem 4.8.

If f(w), g1(w) and g»(w) be any three bi-complex entire functions such that (i) Ml(gi) =
max{ A, (g, ) fork,i = 1,2} and (ii) A (9,) # X, (g,) holds,

then t¢,(9,.9,) = t7,(g;), fori = 1,2

Proof.

Let us take Ar, (9,) < A, (g;) fori,k = 1,2 with g, # g, with atleast one of each has a

regular relative growth w.r.t. f; .
Now for any arbitrary ¢ > 0, we obtain for a sequence of values {r,} of r tending to
infinity that

My g7 0) < My (7 5) . My, (7 )

Therefore, My, gy ) < Me (7 5 (g0) + €/2) 777199 e (7 4, (9) +
0/2) 000100

Since 4 s (g4) < 4 ,,(g;) for ¢,k =12, we get for a sequence of values {r,} of r
tending to infinity that

Mygsr ) < M (7 5 (g.0) + €/2)r 7 nD] (24)

Now using the similar technique as followed in the proof of Theorem 6, we have from the

above
My, My g (7 )
ijflf;f;Z) < [(Tfl(ﬂz') + t:’)]
Therefore, 7, (g19)< 7,09 for [ =12
(25)

Further without loss of generality, let g = g1.g,and 4 1, (g1) < 4 s,(g2) =1 ,(9) .
Then 7 . (g) < 7 ,,(g,) whichimplies 7, (g2) < 7, (9) as g2 = i.

Hence 7 ., (g) = 7 5, (g,) whichimplies 7, (g1.92) < 7 5,(g2) .
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Thus 7 5 (g1.92) = 7 (g,) for ¢ =12
Now using the notion of the idempotent representation of bi-complex entire function, i.e.

Sw)y=/f,.e1+/f.,.e,, we can prove the above inequality separately for two
different idempotent parts of the function /; in the same way, which proves the statement
of the theorem.

Hence the proof.

5. CONCLUSIONS

In this paper, we have investigated certain growth properties regarding relative order
(lower order), relative type (lower type) and relative weak type of entire functions.
Basically, we have worked on the sum and product theorems of two or more entire
functions. However, the treatment of these notions may also be extended for bi-complex
meromorphic functions, in the field of slowly changing functions also in case of entire or
meromorphic functions of several variables. Interested mathematicians and researchers in
this field may be interested to go through several books and research papers already

published around the world for their further study.
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